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Abstract
We construct a solvable deformation of two-dimensional theories with (2, 2) su-
persymmetry using an irrelevant operator which is a bilinear in the supercurrents.
This supercurrent-squared operator is manifestly supersymmetric, and equivalent to
TT after using conservation laws. As illustrative examples, we deform theories in-
volving a single (2, 2) chiral superfield. We show that the deformed free theory is
on-shell equivalent to the (2, 2) Nambu-Goto action. At the classical level, models
with a superpotential exhibit more surprising behavior: the deformed theory exhibits
poles in the physical potential which modify the vacuum structure. This suggests
that irrelevant deformations of TT type might also affect infrared physics.
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1 Introduction
Understanding the space of quantum field theories (QFTs) is a fascinating question. A
typical approach to this question is to start with a particularly tractable model like a free,
conformal, or exactly solvable theory, and deform it infinitesimally by adding an integrated
local operator. An infinitesimal relevant deformation generates a renormalization group
flow. The resulting theory will differ in the infrared from the original undeformed theory.
When the original theory is conformal, there might exist exactly marginal deformations
which preserve the conformal symmetry for finite values of the deformation parameters;
the space of marginal parameters defines the moduli space of the conformal field theory.
Finally, if the deforming operator is irrelevant, the ultraviolet properties of the theory
change, and it is usually difficult to understand this change in terms of any kind of flow.
This case is the most difficult to understand because, in essence, the definition of the theory
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changes.
Irrelevant deformations of two-dimensional Poincare´-invariant QFTs generated by the
determinant of the stress-energy tensor, det(T ) = T00T11 − T01T10, are special. These TT
deformations define a flow along which certain properties of the deformed theory can be
computed exactly [1]. Most important is the energy spectrum [2, 3]. However, in many
cases the classical action can also be determined in closed form along the flow [3, 4]. This
prompted the study of TT deformations of integrable theories [3, 5, 6], as well as of more
general theories [7–11], with a number of applications to (effective) string theory [12–14],
two-dimensional gravity [15–18] and to the AdS3/CFT2 correspondence [19–28].
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One of the first examples studied was the deformation of a theory of free bosons, which
resulted in the Nambu-Goto action [3].2 Interestingly, the TT deformed action for a scalar
theory with an arbitrary potential can also be exactly constructed, at least classically.
Imposing the TT flow equation for the Lagrangian
d
dλ
Lλ = det(T [Lλ]) , (1.1)
where the stress-energy tensor Tµν [Lλ] is computed in the deformed theory itself, and setting
the initial condition
L0 = 1
2
∂++φ∂−−φ+ V (φ) , (1.2)
gives [3, 4]:
Lλ = 1
2λ
1− 2λV (φ)
1− λV (φ)
[
− 1 +
√√√√1 + 2λ(∂++φ∂−−φ+ 2V (φ))(1− λV (φ))(
1− 2λV (φ))2
]
. (1.3)
This Lagrangian is fairly involved. It is interesting to consider the potential energy at zero
momentum, which means discarding all interaction terms which involve derivatives. This
captures the potential for slowly-varying fields,
Lλ = 1
2
∂++φ∂−−φ+
V (φ)
1− λV (φ) + . . . , (1.4)
where the ellipsis denotes interaction terms involving derivatives. Although this is just a
classical result, the form of the deformed potential is striking: if we start from a regular
1More general “TJ” deformations, which break Lorentz invariance, have also been considered [29–35].
2This can also be seen by studying the world-sheet S-matrix of strings in flat space [12, 13]. For a theory
of free bosons and fermions, one instead finds the Green-Schwarz action in light-cone gauge [36]. See also
refs. [23, 37] for a discussion of the relation between light-cone gauge-fixed strings and TT deformations.
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potential, we will generically develop poles for sufficiently large |λ|. These poles are invisible
in perturbation theory in the flow parameter λ. Were we able to trust this result at the
quantum level, this would point to a dramatic modification of the theory. Namely, an
irrelevant deformation would end up changing the infrared structure of the theory, resulting
in a kind of “IR/UV mixing.”
One instance where a classical analysis of the potential might allow us to draw more
reliable conclusions about the quantum theory is for models with extended supersymme-
try. As long as there is sufficient supersymmetry for the potential to be partly controlled
by a holomorphic quantity, there will be partial protection from perturbative (and some-
times non-perturbative) quantum effects. Models with N = (2, 2) supersymmetry in two
dimensions are precisely of this type, provided that the TT deformation is compatible with
manifest N = (2, 2) supersymmetry.
Recently it was shown that the TT flow preserves manifestN = (0, 1),N = (1, 1) [36, 38]
and N = (0, 2) supersymmetry [39]. Specifically, we can view the flow as generated by
the supersymmetric descendant of a composite operator; this composite operator is built
from a bilinear in supercurrents. This construction both ensures supersymmetry along
the flow, and is sufficient to reproduce, and indeed slightly generalize, Zamolodchikov’s
argument for the well-definedness and solvability of TT [1]. Moreover, for some simple
supersymmetric actions it was possible to explicitly construct the deformed Lagrangian in
superspace, gaining some insight on the resulting theory [36, 38, 39].
The main aim of this paper is to repeat this analysis in the N = (2, 2) case, and find
a manifestly N = (2, 2) supersymmetric version of the TT flow. The case of N = (2, 2) is
particularly interesting for at least two reasons: first, it is the most heavily studied class
of two-dimensional supersymmetric theories because of applications to string compactifica-
tions. Secondly, these models are closely connected to the dimensional reduction of N = 1
theories in four dimensions. Understanding more about the structure of the N = (2, 2)
theory might shed light on how to generalize TT to higher dimensions; see [38, 40–42] for
discussions of such higher-dimensional generalizations. We plan to report on results along
this direction in [43].
In this work, we will establish the appearance of a singularity in the physical potential,
like the one appearing in eq. (1.4), in a manifestly N = (2, 2) form—where, as usual, the
role of V (φ) will be played by |W ′(φ)|2 with W (φ) the holomorphic superpotential. Our
results on the N = (2, 2) version of TT provide a stepping stone toward a fully quantum
analysis of the vacuum structure of non-conformal TT -deformed theories, which we plan to
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explore in the future.
The paper is structured as follows: in section 2 we review the structure of the N = (2, 2)
supercurrent multiplets which we need to construct the supersymmetric deformation. In
section 3 we construct the supercurrent-squared operator T T as a bilinear in the supercur-
rents and discuss its well-definedness. Finally, in section 4 we construct the deformed action
for a few examples of N = (2, 2) theories. In particular, we focus on theories involving a
single chiral multiplet with an action determined by an arbitrary Ka¨hler potential, as well
as models with a superpotential. In Appendices A, B and C, we collect assorted results
used in the main body of the text.
2 D = 2 N = (2, 2) Supercurrent Multiplets
Our manifestly supersymmetric modification of TT is built from bilinears in fields of the
supercurrent multiplet. In this section we review the structure of such multiplets in D = 2
N = (2, 2) theories.
2.1 Conventions
We work in two-dimensional N = (2, 2) superspace with Lorentzian signature, see [44] for
a classic reference on the subject. Our four anti-commuting coordinates are written θ± and
θ
±
, and we will collectively denote the superspace coordinates by ζM = (xµ, θ±, θ¯±). To
more easily interpret expressions involving both vector and spinor quantities, we change to
light-cone coordinates using the bi-spinor conventions
x±± =
1√
2
(
x0 ± x1) , (2.1)
and define the corresponding partial derivatives
∂±± =
1√
2
(∂0 ± ∂1) , (2.2)
so that ∂±±x±± = 1 and ∂±±x∓∓ = 0.
Spinors in two dimensions carry a single index which is raised or lowered as follows:
ψ+ = −ψ−, ψ− = ψ+. (2.3)
We write all vector indices as pairs of spinor indices. This allows us to nicely compare terms
in equations involving combinations of spinor, vector, spinor-vector, and tensor quantities.
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Using this notation, for example, the supercurrent has components S+++, S−−−, S+−−, and
S−++, which we can immediately identify as a spinor-vector because it has three indices.
Similarly, the stress-energy tensor carries two vector indices which are repackaged into four
bispinor indices T++++, T−−−−, T++−− = T−−++.
The supercovariant derivatives, collectively denoted by DA = (∂a, D±, D±), are defined
by
D± =
∂
∂θ±
− i
2
θ
±
∂±± , D± = − ∂
∂θ
± +
i
2
θ±∂±± , (2.4)
and satisfy
{D±, D±} = i∂±±, (2.5)
with all other (anti-)commutators vanishing.
The supersymmetry transformations for anN = (2, 2) superfield F(ζ) = F(x±±, θ±, θ¯±)
are given by
δQF := i+Q+F + i−Q−F − i¯+Q+F − i¯−Q−F , (2.6)
where on superfields the supercharges are represented by the following differential operators
Q± = ∂
∂θ±
+
i
2
θ
±
∂±± , Q± = − ∂
∂θ
± −
i
2
θ±∂±± , (2.7)
satisfying
{Q±,Q±} = −i∂±± , (2.8)
and commuting with the covariant derivatives DA.
2.2 The S-multiplet
For Lorentz invariant supersymmetric theories, there is an essentially unique supermultiplet
which contains the stress-energy tensor Tµν , the supercurrent Sµα, and no other operators
with spin larger than one, under the assumption that the multiplet, though in general
reducible, cannot be separated into decoupled supersymmetry multiplets; namely that it is
indecomposable [45]. This S-multiplet can be defined in any theory with D = 2 N = (2, 2)
supersymmetry. By “essentially unique,” we mean that the S-multiplet is unique up to
improvement terms which preserve the superspace constraint equations.
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For two-dimensional theories with (2, 2) supersymmetry, the S-multiplet consists of
superfields S±±, χ±, and Y± which satisfy the constraints:
D±S∓∓ = ± (χ∓ + Y∓) , (2.9a)
D±χ± = 0 , D±χ∓ = ±C(±) , D+χ− −D−χ+ = k , (2.9b)
D±Y± = 0 , D±Y∓ = ∓C(±) , D+Y− +D−Y+ = k′ . (2.9c)
Here k and k′ are real constants and C(±) is a complex constant. The S-multiplet con-
tains 8 + 8 independent real component operators and the constants k, k′, C(±) [45]. The
expansion in components of S±±, χ±, and Y± are given for convenience in Appendix A.
Among the various component fields it is important to single out the complex super-
symmetry current Sαµ and the energy-momentum tensor Tµν . The complex supersymmetry
current, associated to S+±± and S−±±, is conserved: ∂µSαµ = 0. The energy-momentum
tensor, associated with T±±±± and T++−− = T−−++, is real, conserved (∂µTµν = 0), and
symmetric (Tµν = Tνµ). In light-cone notation the conservation equations are given by
∂++S+−−(x) = −∂−−S+++(x) , (2.10a)
∂++S¯+−−(x) = −∂−−S¯+++(x) , (2.10b)
∂++T−−−−(x) = −∂−−Θ(x) , (2.10c)
∂++Θ(x) = −∂−−T++++(x) , (2.10d)
where we have defined as usual
Θ(x) := T++−−(x) = T−−++(x) . (2.11)
To conclude this subsection, let us describe the ambiguity in the form of the S-multiplet
which is parametrized by a choice of improvement term. If U is a real superfield, we are
free to modify the S-multiplet superfields as follows
S±± → S±± + [D±, D±]U , (2.12a)
χ± → χ± −D+D−D±U , (2.12b)
Y± → Y± −D±D+D−U , (2.12c)
which keeps invariant the conservation equations (2.9). In general the S-multiplet is a
reducible representation of supersymmetry and some of its component can consistently be
set to zero by a choice of improvement. The reduced Ferrara-Zumino supercurrent multiplet,
which plays a central role in our paper, is described next.
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2.3 The Ferrara-Zumino (FZ) multiplet and old-minimal supergravity
If there exists a well-defined superfield U such that χ± = D+D−D±U , then we may use the
transformation (2.12) to set χ± = 0 in the S-multiplet. If in addition k = C(±) = 0, then
the remaining fields S±± and Y± satisfy the constraints
D±J∓∓ = ±Y∓ , (2.13a)
D±Y± = 0 , (2.13b)
D±Y∓ = 0 , (2.13c)
D+Y− +D−Y+ = k′ . (2.13d)
These are the defining equations for the Ferrara-Zumino (FZ) multiplet (J±±,Y±), so in
this case we will rename S±± to J±± which turns out to be associated to the axial U(1)A
R-symmetry current and satisfies the conservation equation
∂−−J++ − ∂++J−− = 0 . (2.14)
This multiplet, which has 4 + 4 real components, is the dimensionally-reduced version of
the D = 4 N = 1 FZ-multiplet [46]; see Appendix A for more details. All of the models we
consider in section 4 have the property that χ± can be improved to zero; that is, they all
have a well-defined FZ-multiplet.
Just as the bosonic Hilbert stress tensor Tµν represents the response function of the La-
grangian to a linearized perturbation hµν of the metric, the supercurrent multiplets corre-
spond to linearized couplings to supergravity. Different formulations of off-shell supergrav-
ity couple to different supercurrent multiplets. If a theory has a well-defined FZ-multiplet,
as is the case for all the examples found in section 4, then the theory can be consistently
coupled to the old-minimal supergravity prepotentials H±± and σ. The nomenclature “old-
minimal” is again inherited from D = 4 N = 1 supergravity; see [47, 48] for pedagogical
reviews and references. Here H±± is the conformal supergravity prepotential—the analogue
of the traceless part of the metric—and σ is a chiral conformal compensator.
We refer the reader to [49–53] and references therein for an exhaustive description of D =
2 N = (2, 2) off-shell supergravity in superspace, which we will use in our analysis; see also
Appendix B. For the scope of this work, it will be enough to know the structure of linearized
old-minimal supergravity. For instance, at the linearized level the gauge symmetry of the
supergravity prepotentials H±±, σ and σ¯, can be parameterized as follows
δH++ =
i
2
(
D−L+ −D−L+
)
, (2.15a)
7
δH−− =
i
2
(
D+L
− −D+L−
)
, (2.15b)
δσ = − i
2
D+D−
(
D+L
+ −D−L−
)
, (2.15c)
δσ¯ = − i
2
D−D+
(
D+L
+ −D−L−
)
, (2.15d)
in terms of unconstrained spinor superfields L± and their complex conjugates.
The conservation law (2.13) for the FZ-multiplet can be derived by using the previous
gauge transformations. The linearized supergravity couplings for a given model are written
as3
Llinear =
∫
d4θ
(
H++J++ +H−−J−−
)− ∫ d2θ σ V − ∫ d2θ¯ σ¯ V , (2.16)
with V a chiral superfield and V its complex conjugate. Assuming the matter superfields
satisfy their equations of motion, the change in the Lagrangian (2.16) under the gauge
transformation (2.15) is
δLlinear =
∫
d4θ
(
δH++J++ + δH−−J−−
)− ∫ d2θ δσ V − ∫ d2θ¯ δσ¯ V
=
i
2
∫
d4θ
{(
D−L+ −D−L+
)
J++ +
(
D+L
− −D+L−
)
J−−
− (D+L+ −D−L−)V − (D+L+ −D−L−)V}
=
i
2
∫
d4θ
{
L+
(
D−J++ +D+V
)
+ L−
(
D+J−− −D−V
)
+ c.c.
}
, (2.17)
where we have integrated by parts. Demanding that the variation vanishes for any gauge
parameter L± gives
D−J++ +D+V = 0 , D+J−− −D−V = 0 . (2.18)
This matches the constraints (2.13) for the FZ-multiplet if we identify
Y± = D±V , (2.19)
and set k′ = 0.
As we will soon see, studying TT deformations requires consideration of a composite
operator constructed out of the square of the supercurrent multiplet. Hence to solve the
TT flow equations we need to be able to calculate the supercurrent multiplet explicitly.
3We use the notation d2θ := dθ−dθ+, d2θ¯ := dθ¯+dθ¯− and d4θ := d2θd2θ¯.
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The coupling to supergravity provides a straightforward prescription for computing the FZ-
multiplet for matter models that can be coupled to old-minimal supergravity.4 In particular,
for a given N = (2, 2) matter theory we will:
1. Begin with an undeformed superspace Lagrangian L in flat N = (2, 2) superspace.
2. Minimally couple L to the supergravity superfield prepotentials H±±, σ and σ¯.
3. Extract the superfields J ±±, V and V which couple linearly to H±±, σ and σ¯, respec-
tively, in the D- and F-terms of (2.16).
Thanks to the analysis given above, the superfields J ±±, V and V will automatically satisfy
the FZ-multiplet constraints (2.18). A detailed description of the computation of the FZ-
multiplet for the models relevant for our paper is given in Appendix B.
3 The TT Operator and N = (2, 2) Supersymmetry
After having reviewed in the previous section the structure of the S-multiplet, we are ready
to describe N = (2, 2) TT deformations.
3.1 The T T operator
Given a D = 2 N = (2, 2) supersymmetric theory with an S-multiplet, we define the
supercurrent-squared deformation of this theory, denoted T T in analogy with TT , by the
flow equation
∂λL = −1
8
T T , (3.1)
where T T is constructed from current bilinears with
T T ≡ −
∫
d4θ S++S−− −
(∫
dθ−dθ+ χ+χ− +
∫
dθ
−
dθ+ Y+Y− + c.c.
)
, (3.2)
and where the factor of 1
8
is chosen for later convenience. This deformation generalizes
the results we recently obtained for D = 2 theories possessing N = (0, 1), N = (1, 1) and
N = (0, 2) supersymmetry [36, 38, 39] to theories with N = (2, 2) supersymmetry.
Let us recall the form of the TT composite operator [1], which we denote
TT (x) = T++++(x)T−−−−(x)−
[
Θ(x)
]2
. (3.3)
4Though we will not need it in our paper, it is worth mentioning that the non-minimal supergravity
results of [49–53] allow the computation of the supercurrent multiplet for more general classes of models.
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An important property of the N = (0, 1), N = (1, 1) and N = (0, 2) cases is that the
TT operator turns out to be the bottom component of a long supersymmetric multiplet.
This is true up to both total vector derivatives (∂++ and ∂−−), and terms that vanish
upon using the supercurrent conservation equations (Ward identities). For this reason, in
the supersymmetric cases studied previously, the original TT deformation of [1] is mani-
festly supersymmetric and equivalent to the deformations constructed in terms of the full
superspace integrals of primary supercurrent-squared composite operators [36, 38, 39].
Remarkably, despite the much more involved structure of the (2, 2) S-multiplet com-
pared to theories with fewer supersymmetries, it is possible to prove that the following
relation holds:
T T (x) = TT (x) + EOM′s + ∂++(· · · ) + ∂−−(· · · ) . (3.4)
In (3.4), we use EOM′s to denote terms that are identically zero when (2.9) are used.
Showing (3.4) requires using (A.1)–(A.3), along with several cancellations, integration by
parts and the use of the (2, 2) S-multiplet conservation equations (2.9).
In fact, the specific combination of current superfields given in (3.2) was chosen pre-
cisely for (3.4) to hold. The combination (3.4) is also singled out by being invariant under
the improvement transformation (2.12). The important implication of (3.4) is that the TT
deformation for an N = (2, 2) supersymmetric quantum field theory is manifestly super-
symmetric and equivalent to the T T deformation of eq. (3.2).
Note that in the N = (2, 2) case the deformation we have introduced in (3.2) is con-
ceptually different from the cases with less supersymmetry. Specifically, the deformation is
not given by the descendant of a single composite superfield. On the other hand, suppose
the S-multiplet is such that C(±) = k = k′ = 0 and it is possible to improve the superfields
χ± and Y± to a case where
Y± = D±V , Y± = D±V , (3.5a)
χ+ = iD+B , χ− = iD−B , χ¯+ = −iD+B , χ¯− = −iD−B , (3.5b)
with V chiral and B twisted-chiral:
D±V = 0 , D±V = 0 , (3.6a)
D+B = D−B = 0 , D+B = D−B = 0 . (3.6b)
In this case (3.2) simplifies to
T T = −
∫
d4θ S++S−− +
(∫
dθ−dθ+D+BD−B −
∫
dθ
−
dθ+D+VD−V + c.c.
)
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= −
∫
d4θ
(S++S−− − 2BB − 2VV) , (3.7)
and we see that, up to EOM’s, TT (x) is the bottom component of a long supersymmetric
multiplet. In this situation, once we define the composite superfield
O(ζ) := −S++(ζ)S−−(ζ) + 2B(ζ)B(ζ) + 2V(ζ)V(ζ) , (3.8)
eq. (3.4) turns into the equivalent result5∫
d4θO(ζ) = D−D+D+D−O(ζ)|θ=0 = TT (x) + EOM′s + ∂++(· · · ) + ∂−−(· · · ) , (3.9)
stating that the D-term of the operator O(ζ) is equivalent to the standard TT (x) operator.
For a matter theory that can be coupled to old-minimal supergravity, leading to the
FZ-multiplet described by (2.18), the operator O(ζ) further simplifies thanks to the fact
that the twisted-(anti-)chiral operators B and B disappear. For these cases, the TT flow
turns into the following equation
∂λL = 1
8
∫
d4θ
(J++J−− − 2VV) . (3.10)
This will be our starting point in analyzing N = (2, 2) deformed models in section 4.
3.2 Point-splitting and well-definedness
The TT (x) operator (3.3) is quite magical because it is a well-defined irrelevant composite
local operator, free of short distance divergences [1]. In fact, this property generalizes to
the larger class of operators
[As(x)A
′
s′(x)−Bs+2(x)Bs′−2(x)] (3.11)
where (As, Bs+2) and (A
′
s′ , B
′
s′−2) are two pairs of conserved currents with spins s and s
′.
The operator TT (x) is a particular example with s = s′ = 0. As proven in [2], these
composite operators of “Smirnov-Zamolodchikov”-type have a well-defined point splitting
which is free of short-distance divergences. In the case of N = (0, 1) and N = (1, 1)
supersymmetric TT deformations, the entire supermultiplet whose bottom component is
TT (x) is comprised of well-defined Smirnov-Zamolodchikov-type operators [36, 38]. In
the N = (0, 2) case, the primary6 operator whose bottom component is TT (x) is not of
5In the subsequent discussion by θ = 0 we will always mean θ± = θ¯± = 0.
6We denote as primary operator the top component of a supersymmetric multiplet even when the theory
is not superconformal.
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Smirnov-Zamolodchikov-type. Nevertheless, also in this case it was recently shown that,
thanks to supersymmetry, the whole multiplet is well-defined [39].
In the N = (2, 2) case it is clear that the situation is more complicated than any of
the cases mentioned above. First, in the general situation, according to (3.2), the T T
deformation is a linear combination of a D-term together with chiral and twisted-chiral
F-terms contributions. Though the F-terms might be protected by standard perturbative
non-renormalization theorems (see, for example, [47, 48] for the D = 4 N = 1 case which
dimensionally reduces to D = 2 N = (2, 2)), the D-term associated to the S++S−− operator
has no clear reason to be protected in general from short-distance divergences in point-
splitting regularization, and hence has no obvious reason to be well-defined. This indicates
that there might be a clash between supersymmetry and a point-splitting procedure in the
general setting.
We will not attempt to analyze this issue in full generality in the current paper; instead
our aim is to describe a subclass of models for which the T T deformation turns out to be
well-defined. A natural restriction to impose is that the S-multiplet is constrained by (3.5)
and the T T deformation is therefore described by the D-term (3.7). By trivially extending
the arguments used in [39] for the N = (0, 2) case, it is not difficult to show that these
restrictions are sufficient to imply that the multiplet described by the N = (2, 2) primary
operator O(ζ) of (3.8) is indeed well-defined despite not being of Smirnov-Zamolodchikov-
type. As in the N = (0, 2), unbroken N = (2, 2) supersymmetry turns out to be the reason
for this to happen.
Let us quickly explain how this works for the FZ-multiplet and the deformation (3.10),
which are the main players in our paper. Note, however, that the same argument extends
to more general cases where both chiral and twisted-chiral current superfields, χ± and Y±,
satisfying (3.5) are turned on. We also refer to [39] for details that we will skip in the
following discussion, which are trivial extensions from the (0, 2) to the (2, 2) case.
A first indication of the well-definedness of the multiplet associated to O(ζ) comes by
looking at the vacuum expectation value of its lowest component. Define the primary
composite operator
O(x) := −j−−(x)j++(x) + 2v(x)v¯(x) = O(ζ)|θ=0 , (3.12)
and its point-split version
O(x, x′) := −j−−(x)j++(x′) + v(x)v¯(x′) + v¯(x)v(x′) , (3.13)
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where
j±±(x) := J±±(ζ)|θ=0 , v(x) := V(ζ)|θ=0 , v¯(x) := V(ζ)|θ=0 . (3.14)
Note that equation (2.18) implies the following relation among the component operators[
Q±, j∓∓(x)
]
= ±[Q∓, v(x)] , [Q±, j∓∓(x)] = ±[Q∓, v¯(x)] , (3.15)
with Q± and Q± denoting the N = (2, 2) supercharges.7 By then using ∂±± = i{Q±, Q±},
{Q+, Q−} = {Q+, Q−} = 0, [Q±, v(x)] = [Q±, v¯(x)] = 0, super-Jacobi identities, together
with the conservation equations (3.15), and the assumption that the vacuum is invariant un-
der supersymmetry, it is straightforward to show that vacuum expectation value of O(x, x′)
satisfies
∂++ 〈j−−(x)j++(x′)〉 = i
〈[{Q+, Q+}, j−−(x)] j++(x′)〉
= i
〈{Q+, [Q−, v(x)]} j++(x′) + {Q+, [Q−, v¯(x)]} j++(x′)〉
= −i 〈[Q+, v(x)][Q−, j++(x′)] + [Q+, v¯(x)][Q−, j++(x′)]〉
= i
〈
[Q+, v(x)][Q+, v¯(x
′)] + [Q+, v¯(x)][Q+, v(x
′)]
〉
=
〈[
i{Q+, Q+}, v(x)
}
v¯(x′) +
[
i{Q+, Q+}, v(x)
}
v¯(x′)
〉
= ∂++ 〈v(x)v¯(x′) + v(x)v¯(x′)〉 , (3.16)
and, after performing a similar calculation for 〈∂−−j−−(x)j++(x′)〉 = −
〈
j−−(x)∂′−−j++(x
′)
〉
,
it is clear that the relation
∂±± 〈O(x, x′)〉 = 0 (3.17)
holds. Therefore, 〈O(x, x′)〉 is independent of the positions and free of short distance
divergences. It is worth noting that similarly to the argument showing that the two point
function of two chiral or twisted-chiral operators is independent of the positions x and x′, the
previous analysis for 〈O(x, x′)〉 necessarily relies on unbroken N = (2, 2) supersymmetry.
The argument given above can be generalized to a statement about operators in su-
perspace in complete analogy to the N = (0, 2) case of [39]. Let us investigate the short
distance singularities in the bosonic coordinates by defining a point-split version of the
N = (2, 2) primary T T operator,
O(x, x′, θ) := −J−−(x, θ)J++(x′, θ) + V(x, θ)V(x′, θ) + V(x, θ)V(x′, θ) . (3.18)
7Given an operator F (x) defined as the θ = 0 component of the superfield F(ζ), F (x) := F(ζ)|θ=0,
then its supersymmetry transformations are such that
[
Q±, F (x)
}
= Q±F(ζ)|θ=0 = D±F(ζ)|θ=0 and[
Q±, F (x)
}
= Q±F(ζ)|θ=0 = D±F(ζ)|θ=0.
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We want to show that the preceding bilocal superfield is free of short distance divergences
in the limit x→ x′. A straightforward calculation shows that
∂++O(x, x′, θ) = −
{
iD+V(ζ)
[
D′−J++(ζ ′) +D′+V(ζ ′)
]
+ iD+V(ζ)
[
D
′
−J++(ζ ′) +D′+V(ζ ′)
]
+i(Q+ +Q′+)
[
(D+V(ζ))V(ζ ′)
]
+ i(Q+ +Q′+)
[
(D+V(ζ))V(ζ ′)
]
+i(Q− +Q′−) [(D+V(ζ))J++(ζ ′)] + i(Q− +Q′−)
[
(D+V(ζ))J++(ζ ′)
]
+(∂++ + ∂
′
++)
[
θ¯+(D+V(ζ))V(ζ ′) + θ¯−(D+V(ζ))J++(ζ ′)
]
−(∂++ + ∂′++)
[
θ+(D+V(ζ))V(ζ ′) + θ−(D+V(ζ))J++(ζ ′)
] }∣∣∣
θ=θ′
. (3.19)
Note that the first line in the preceding expression is zero because of the FZ conservation
equations (2.18), which hold up to contact terms in correlation functions. The other lines
are either total vector derivatives or supersymmetry transformations of bilocal operators.
A similar equation holds for ∂−−O(x, x′, θ) showing that the operator O(x, x′, θ) satisfies
∂±±O(x, x′, θ) = 0 + EOM’s + [P, · · · ] + [Q, · · · ] , (3.20)
where [P, · · · ] and [Q, · · · ] schematically indicate a translation and supersymmetry transfor-
mation of some bilocal superfield operator.8 To conclude, by employing an OPE argument
completely analogous to the one originally given by Zamolodchikov in [1] and extended to
the N = (0, 2) supersymmetric case in [39], one can show that eq. (3.20) implies
O(x, x′, θ) = O(ζ) + derivative terms . (3.21)
Here “derivative terms” indicate superspace covariant derivatives DA = (∂±±, D±, D±)
acting on local superfield operators while O(ζ) arises from the regular, non-derivative part
of the OPE of O(x, x′, θ). As a result the integrated operator
SO =
∫
d2x d4θ lim
ε→0
O(x, x+ ε, θ) =
∫
d2x d4θ : O(x, x, θ) : , (3.22)
which can be considered as a definition of the integrated T T (x) operator,9 is free of short
distance divergences and well-defined in complete analogy to the non-supersymmetric case
[1] and the N = (0, 1), N = (1, 1), and N = (0, 2) cases [36, 38, 39].
8See Appendix A of [39] for the relation between the operators (Q±+Q′±), (Q±+Q
′
±) and the generators
of supersymmetry transformations on bilocal superfields such as O(x, x′, θ). The extension of that analysis
from N = (0, 2) to N = (2, 2) is straightforward.
9Note that, consistently, one can show that
{Q+, [Q+, {Q−, [Q−, O(x, x′)]}]} = T−−−−(x)T++++(x′)−Θ(x)Θ(x′) + EOM’s + [P, · · · ] (3.23)
implying that the descendant of the point-split primary operator O(x) is equivalent, up to Ward identities
and total vector derivatives (∂±±), to the point-split version of the descendant TT (x) operator.
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4 Deformed (2, 2) Models
In this section, we will apply our supercurrent-squared deformation (3.10) to a few examples
of N = (2, 2) supersymmetric theories for a chiral multiplet Φ. The superfield Φ can be
written in components as
Φ = φ+ θ+ψ+ + θ
−ψ− + θ+θ−F − iθ+θ+∂++φ− iθ−θ−∂−−φ
−iθ+θ−θ−∂−−ψ+ − iθ−θ+θ+∂++ψ− − θ+θ−θ−θ+∂++∂−−φ , (4.1)
where φ is a complex scalar field, ψ± are Dirac fermions, and F is a complex auxiliary field.
The multiplet Φ satisfies the chirality constraint D±Φ = 0.
We denote the physical Lagrangian by L and the superspace D-term Lagrangian by A,
so that
S =
∫
d2xL =
∫
d2x d4θA . (4.2)
A broad class of two-derivative theories for a chiral superfield can be described by superspace
Lagrangians of the form
L =
∫
d4θ K(Φ,Φ) +
∫
d2θW (Φ) +
∫
d2θW (Φ) , (4.3)
where K(Φ,Φ) is a real function called the Ka¨hler potential and W (Φ) is a holomorphic
function called the superpotential. These are N = (2, 2) Landau-Ginzburg models. In
order for the kinetic terms of the component fields of Φ to have the correct sign, we will
assume that KΦΦ =
∂2K
∂Φ∂Φ
is positive.
Although we will not expand on this point in detail, all the results found in this section
can be derived almost identically for the case of a generic model of a single scalar twisted-
chiral superfield Y , D+Y = D−Y = 0, and its conjugate. This is not surprising since
theories containing only chiral superfields are physically equivalent to theories formulated
in terms of twisted-chiral superfields; see, for example, [49–53] for a discussion of this
equivalence in models with global and local supersymmetry. There are also many more
involved (2, 2) theories that one might also want to study involving chiral, twisted-chiral
and semi-chiral superfields; see, for example, [54] for a recent discussion and references. For
this analysis, we have chosen to consider only models based on a single chiral multiplet.
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4.1 Ka¨hler potential
First we will set the superpotential W to zero and begin with an undeformed superspace
Lagrangian of the form
L =
∫
d4θ K(Φ,Φ) (4.4)
for some Ka¨hler potential K. To leading order around this undeformed theory, the FZ
supercurrents are
J±± = 2KΦΦD±ΦD±Φ , (4.5a)
V = 0 , (4.5b)
where KΦ =
∂K
∂Φ
, KΦΦ =
∂2K
∂Φ∂Φ
, etc. Therefore, at first order the supercurrent-squared
deformation driven by O = (−S++S−− + 2VV) will source a four-fermion contribution in
the D-term, giving
L(1) = L(0) + 1
2
λK2
ΦΦ
D+ΦD+ΦD−ΦD−Φ . (4.6)
Next, we would like to find the all-orders solution for the deformed theory. We make the
ansatz that, at finite deformation parameter λ, the Lagrangian takes the form
Lλ =
∫
d4θ
{
K(Φ,Φ) + f(λ, x, x, y)K2
ΦΦ
D+ΦD+ΦD−ΦD−Φ
}
, (4.7)
where we define the combinations
x = KΦΦ∂++Φ∂−−Φ , y = KΦΦ (D+D−Φ)
(
D+D−Φ
)
. (4.8)
Using the results in Appendix B, one finds that the superfields J±± and V appearing in
our supercurrent-squared deformation, computed for the Lagrangian (4.7), are given by
J++ = 2KΦΦD+ΦD+Φ
[
1 + f(x+ x− 3y) + x∂f
∂x
(x− y) + x∂f
∂x
(x− y) + y∂f
∂y
(x+ x− 2y)
]
+ 2K2
ΦΦ
D−ΦD−Φ∂++Φ∂++Φ
[
−f − x∂f
∂x
− x∂f
∂x
+ y
(
∂f
∂x
+
∂f
∂x
)]
− 2iK2
ΦΦ
D+ΦD−Φ∂++ΦD+D−Φ
[
−f + (x− x)∂f
∂x
+ (x− y)∂f
∂y
]
− 2iK2
ΦΦ
D+ΦD−Φ∂++ΦD+D−Φ
[
f + (x− x)∂f
∂x
+ (y − x)∂f
∂y
]
, (4.9)
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and
J−− = 2KΦΦD−ΦD−Φ
[
1 + f(x+ x− 3y) + x∂f
∂x
(x− y) + x∂f
∂x
(x− y) + y∂f
∂y
(x+ x− 2y)
]
+ 2K2
ΦΦ
D+ΦD+Φ∂−−Φ∂−−Φ
[
−f − x∂f
∂x
− x∂f
∂x
+ y
(
∂f
∂x
+
∂f
∂x
)]
− 2iK2
ΦΦ
D+ΦD−Φ∂−−ΦD+D−Φ
[
−f + (x− x)∂f
∂x
+ (x− y)∂f
∂y
]
− 2iK2
ΦΦ
D+ΦD−Φ∂−−ΦD+D−Φ
[
f + (x− x)∂f
∂x
+ (y − x)∂f
∂y
]
, (4.10)
and
V = 2K2
ΦΦ
(
f + y
∂f
∂y
+ x
∂f
∂x
+ x
∂f
∂x
)[
− i∂++Φ(D+D−Φ)D−ΦD−Φ + ∂++Φ∂−−ΦD−ΦD+Φ
−D−ΦD+Φ (D+D−Φ)2 − i∂−−Φ(D+D−Φ)D+ΦD+Φ
]
. (4.11)
The supercurrent-squared flow then induces a differential equation for the superspace La-
grangian Aλ (where, again, Lλ =
∫
d4θAλ) given by
d
dλ
Aλ = −1
8
O = 1
8
(J++J−− − 2VV) . (4.12)
Given our ansatz (4.7), we see that
dAλ
dλ
=
df
dλ
K2
ΦΦ
D+ΦD+ΦD−ΦD−Φ . (4.13)
On the other hand, plugging in our expressions (4.9), (4.10), and (4.11) for the supercurrents
into the right hand side of (4.12) also gives a result proportional to K2
ΦΦ
D+ΦD+ΦD−ΦD−Φ.
Equating the coefficients, we find a differential equation for f :
df
dλ
=
1
2
{
− xy
[
f + (x− x)∂f
∂x
+ (y − x)∂f
∂y
]2
− xy
[
f + (x− x)∂f
∂x
+ (y − x)∂f
∂y
]2
+ 2(x− y)(y − x)
[
f + y
∂f
∂y
+ x
∂f
∂x
+ x
∂f
∂x
]2
+ xx
[
f + (x− y)∂f
∂x
+ (x− y)∂f
∂x
]2
+
[
1 + (x+ x− 3y)f + (x+ x− 2y)y∂f
∂y
+ x(x− y)∂f
∂x
+ x(x− y)∂f
∂x
]2}
. (4.14)
In particular, this shows that our ansatz (4.7) for the finite-λ superspace action is consistent:
the supercurrent-squared deformation closes on an action of this form. It could have been
otherwise: the flow equation might have sourced additional terms proportional, say, to two-
fermion combinations D+ΦD+Φ, or required dependence on other dimensionless variables
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like λ(D+D−Φ)2, but these complications do not arise in the case where the undeformed
theory only has a Ka¨hler potential.
On dimensional grounds, f must be proportional to λ times a function of the dimen-
sionless combinations λx and λy. Thus, although the differential equation for f determined
by (4.14) is complicated, one can solve order-by-order in λ. The solution to O(λ3) is
f(λ, x, x, y) =
λ
2
+ λ2
(
x+ x
4
− 3
4
y
)
+ λ3
(
x2 + x2 + 3xx
8
+
37
24
y2 − 25
24
(x+ x) y
)
+ · · · . (4.15)
We were unable to find a closed-form expression for f to all orders in λ. However, the
differential equation simplifies dramatically when we impose the equations of motion for
the theory, and in this case one can write down an exact formula. This is similar to the TT
flow of the free action for a real N = (1, 1) scalar multiplet that was analyzed in [36, 38].
We claim that, on-shell, one may drop any terms where y ∼ (D+D−Φ)(D+D−Φ) mul-
tiplies the four-fermion term |DΦ|4 ≡ D+ΦD+ΦD−ΦD−Φ. This is shown explicitly in
Appendix C and follows directly from the superspace equation of motion and nilpotency
of the fermionic terms D±Φ and D±Φ. It is also an intuitive statement associated to the
fact that for these models, on-shell, N = (2, 2) supersymmetry is not broken. In fact, note
that the superfields (D+D−Φ) and (D+D−Φ) have as their lowest components the auxiliary
fields F and F . If supersymmetry is not broken, the vev of F has to be zero, 〈F 〉 = 0,
which implies that the auxiliary field F is on-shell at least quadratic in fermions and, more
precisely, can be proven to be at least linear in ψ± = D±Φ|θ=0 and ψ¯± = D±Φ|θ=0. From
this argument it follows that on-shell (D+D−Φ) is at least linear in D±Φ and D±Φ, and
then the two conditions (D+D−Φ)|DΦ|4 = 0 and y|DΦ|4 = 0 follow.
After removing from (4.14) the y-dependent terms which vanish on-shell, we find a
simpler differential equation for the function f ,
df
dλ
=
1
2
{
−xx
[
f + x
∂f
∂x
+ x
∂f
∂x
]2
+
[
1 + (x+ x)f + xx
(
∂f
∂x
+
∂f
∂x
)]2}
, (4.16)
whose solution is
f(λ, x, x, y = 0) =
λ
1− λ
2
(x+ x) +
√
1− λ(x+ x) + λ2
4
(x− x)2
. (4.17)
Thus we have shown that the supercurrent-squared deformed Lagrangian at finite λ is
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equivalent on-shell to the following superspace Lagrangian
Lλ =
∫
d4θ
K(Φ,Φ) + λK2ΦΦD+ΦD+ΦD−ΦD−Φ
1− 1
2
λK2
ΦΦ
A+
√
1− λK2
ΦΦ
A+ 1
4
λ2K4
ΦΦ
B2
 , (4.18)
where
A = ∂++Φ∂−−Φ + ∂++Φ∂−−Φ , B = ∂++Φ∂−−Φ− ∂++Φ∂−−Φ . (4.19)
When K(Φ,Φ) = ΦΦ, it is simple to show that this model represents an N = (2, 2) off-
shell supersymmetric extension of the D = 4 Nambu-Goto string in an appropriate gauge—
often referred to as a static gauge in presence of a B field, though it can be more naturally
described as uniform light-cone gauge [55, 56] (see refs. [23, 37] for a discussion of this point).
In particular, by setting various component fields to zero and performing the superspace
integrals, one can show that (4.18) matches the expected answer for TT deformations in
previously known non-supersymmetric cases. For instance, setting the fermions to zero and
integrating out the auxiliary fields F and F gives the TT deformation of the complex free
boson φ, whose Lagrangian is
Lλ,bos =
√
1 + 2λa+ λ2b2 − 1
4λ
=
a
4
− λ ∂++φ∂−−φ∂++φ¯∂−−φ¯
1 + λa+
√
1 + 2λa+ λ2b2
, (4.20)
where
a = ∂++φ∂−−φ¯+ ∂++φ¯∂−−φ , b = ∂++φ∂−−φ¯− ∂++φ¯∂−−φ . (4.21)
The Lagrangian (4.20) indeed describes the D = 4 light-cone gauge-fixed Nambu-Goto
string model.
Alternatively, setting all the bosons to zero in (4.18) can be shown to give the TT
deformation of a complex free fermion. These calculations are similar to those in the case
of the (0, 2) supercurrent-squared action, which are presented in [39]. In fact, it can even
be easily shown that an N = (0, 2) truncation of (4.18) gives precisely the TT deformation
of a free N = (0, 2) chiral multiplet that was derived in [39].
It is worth highlighting that, unlike the N = (2, 2) case, an off-shell (0, 2) chiral scalar
multiplet contains only physical degrees of freedom and no auxiliary fields. Interestingly,
related to this fact, it turns out that (up to integration by parts and total derivatives)
the N = (0, 2) off-shell supersymmetric extension of the D = 4 Nambu-Goto string action
in light-cone gauge is unique and precisely matches the off-shell TT deformation of a free
N = (0, 2) chiral multiplet action [39].
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In the N = (2, 2) case, because of the presence of the auxiliary field F in the chiral
multiplet Φ, there are an infinite set of inequivalent N = (2, 2) off-shell extensions of the
Lagrangian (4.20) that are all equivalent on-shell. A representative of these equivalent
actions is described by (4.18) when K(Φ,Φ) = ΦΦ.
The non-uniqueness of dynamical systems described by actions of the form (4.18) can
also be understood by noticing that, for example, it is possible to perform a class of re-
definitions that leaves the action (4.18) invariant on-shell. As a (very particular) example,
note that we are free to perform a shift of the form
D+D−
(
D+ΦD−Φ
) −→ D+D− (D+ΦD−Φ)+ a (D+D−Φ +D+D−Φ)2 (4.22)
for any real number a. In terms of A and B, (4.22) implements the shifts
A −→ A+ a
(
(D+D−Φ)
2 + 2y +
(
D+D−Φ
)2)
, B −→ B (4.23)
in (4.18). The resulting Lagrangian would enjoy the same on-shell simplifications described
in Appendix C and would turn out to be on-shell equivalent to the Lagrangian (4.18). In
this infinite set of on-shell equivalent actions, a particular choice would represent an exact
solution of the TT flow equation (4.12)–(4.14), whose leading terms in a λ series expansion
are given in (4.15). Another representative in this on-shell equivalence class is the simplified
model described by (4.18).
These types of redefinition and on-shell equivalentness are not a surprise, nor really new.
In fact, they are of the same nature as redefinitions that have been studied in detail in [57]
(see also [58] for a description of these types of “trivial symmetries”) in the context of D = 4
N = 1 chiral and linear superfield models possessing a non-linearly realised additional
supersymmetry [57, 59]. As in (4.23), the field redefinition in this context does not affect
the dynamics of the physical fields— it basically corresponds only to an arbitrariness in the
definition of the auxiliary fields that always appear quadratically in the action and then are
set to zero (up to fermion terms that will not contribute due to nilpotency in the action)
on-shell. Although here we only focused on discussing the on-shell ambiguity of the solution
of the N = (2, 2) TT flow, we expect that the exact solution of the flow equations with y
nonzero (4.12)–(4.14) can be found by a field redefinition of the kind we made in the action
(4.18).
It is also interesting to note that similar freedoms and field redefinitions are also de-
scribed in the construction of D = 4 N = 1 supersymmetric Born-Infeld actions; see,
for example, [60]. In fact, as will be analyzed in more detail elsewhere [43], it can be
20
shown that the Lagrangian (4.18) is structurally of the type described by Bagger and
Galperin for the D = 4 N = 1 supersymmetric Born-Infeld action [60]. The equivalence
can be formally shown by identifying W+ = D+Φ, W− = D−Φ, W 2 = D+ΦD−Φ, and
DαWα = D+D−Φ + D−D+Φ to match their conventions. As a consequence, we can show
that our solution for the TT flow possesses an extra non-linearly realised N = (2, 2) super-
symmetry [43], which is analogous to what happens in the N = (0, 2) case [39].
4.2 Adding a superpotential
Now suppose we begin with an undeformed theory that has a superpotential W (Φ),
L(0) =
∫
d4θ K(Φ,Φ) +
(∫
d2θW (Φ)
)
+
(∫
d2θW (Φ)
)
. (4.24)
As shown in Appendix B, the superpotential F-term gives a contribution δV = 2W (Φ) to
the field V which appears in supercurrent-squared. To leading order in the deformation
parameter, the Lagrangian takes the form
L(0) → L(0) + L(1)
= L(0) + λ
∫
d4θ
(
1
2
K2
ΦΦ
D+ΦD+ΦD−ΦD−Φ +W (Φ)W (Φ)
)
. (4.25)
In addition to the four-fermion term which we saw in section 4.1, we see that the deformation
modifies the Ka¨hler potential, adding a term proportional to |W (Φ)|2.
Next consider the second order term in λ. For convenience, we use the combination
|DΦ|4 = D+ΦD+ΦD−ΦD−Φ, which is the four-fermion combination that appeared at first
order. Then
L(2) = λ
2
4
∫
d4θ
(
x+ x− 3y − 2|W ′(Φ)|2 +WD−D+ +WD+D−
)
|DΦ|4 . (4.26)
The new terms involving supercovariant derivatives of |DΦ|4 will generate contributions
with two fermions in the D-term.
As we continue perturbing to higher orders, the form of the superspace Lagrangian
becomes more complicated. It is no longer true that the supercurrent-squared flow closes
on a simple ansatz with one undetermined function, as it did in the case with only a
Ka¨hler potential. Indeed, the finite-λ deformed superspace Lagrangian in the case with
a superpotential will depend not only on the variables x, x, and y as in section 4.1, but
also, for example, on combinations like ∂++ΦD+D−Φ, which can appear multiplying the
two-fermion term D−ΦD−Φ in the superspace Lagrangian. To find the full solution, one
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would need to determine several functions contributing to the D-term—one multiplying
the four-fermion term |DΦ|4 as in the Ka¨hler case; one for the deformed Ka¨hler potential
which may now depend on x, y, and other combinations; and four functions multiplying
the two-fermion terms D+ΦD−Φ, D+ΦD−Φ, etc. Each function can depend on several
dimensionless combinations.
In the presence of a superpotential, the situation might further be complicated by the
fact that supersymmetry can be spontaneously broken. This would make it impossible, for
example, to use on-shell simplifications like y|DΦ|4 = 0 that we employed in the section 4.1,
where supersymmetry is never spontaneously broken.
It should be clear that the case with a superpotential is significantly more involved
and rich than just a pure Ka¨hler potential. In this case, we have not attempted to find a
solution of the TT flow equation in closed form. However, it is evident from the form of
supercurrent-squared eq. (4.12)—which is always written as a D-term integral of current
bilinears— that this deformation will only affect the D term and not the N = (2, 2)
superpotential W appearing in the chiral integral. Therefore the superpotential, besides
being protected from perturbative quantum corrections, is also protected from corrections
along the supercurrent-squared flow.
4.3 The physical potential
In view of the difficulty of finding the all-orders deformed superspace action for a theory
with a superpotential, we now consider the simpler problem of finding the local-potential
approximation (or zero-momentum potential) for the bosonic complex scalar φ contained
in the superfield Φ. For simplicity, we will also restrict to the case in which the Ka¨hler
potential is flat, K(Φ,Φ) = ΦΦ. By “zero-momentum potential” we mean the physical
potential V (φ) which appears in the Lagrangian after performing the superspace integral
in the deformed theory and then setting ∂±±φ = 0. For instance, consider the undeformed
Lagrangian
L(0) =
∫
d4θΦΦ +
∫
d2θW (Φ) +
∫
d2θW (Φ) . (4.27)
When we ignore all terms involving derivatives and the fermions ψ±, the only contributions
to the physical Lagrangian (after performing the superspace integral) come from an |F |2
term from the kinetic term, plus the term W (Φ) = W (φ) +W ′(φ)θ+θ−F . This gives us the
zero-momentum, zero-fermion component action
S =
∫
d2x
(
|F |2 +W ′(φ)F +W ′(φ)F
)
. (4.28)
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We may integrate out the auxiliary field F using its equation of motion F = −W ′(φ), which
yields
S =
∫
d2x
(−|W ′(φ)|2) , (4.29)
so the zero-momentum potential for φ is V = |W ′(φ)|2, as expected. Note that the previous
potential might have extrema that breaks N = (2, 2) supersymmetry while supersymmetric
vacua will always set 〈F 〉 = 〈W ′(φ)〉 = 0.
Now suppose we deform by the supercurrent-squared operator to second order in λ,
which gives the superspace expression (4.26). If we again perform the superspace integral
and discard any terms involving derivatives or fermions, we now find the physical Lagrangian
L∣∣
∂±±φ=0
= |F |2 + FW ′ + FW ′ + λ
(
1
2
|F |4 − |F |2|W ′|2
)
+
1
4
λ2|F |4
(
W ′F +W
′
F
)
−1
2
λ2|W ′|2|F |4 + 3
4
λ2|F |6 . (4.30)
Remarkably, the equations of motion for the auxiliary F in (4.30) admit the solution F =
−W ′(φ), F = −W ′(φ), which is the same as the unperturbed solution. This for instance
implies that if we were starting from a supersymmetric vacua in the undeformed theory we
will remain supersymmetric along the TT flow. On the one hand, this is not a surprise
considering that we know the TT flow preserves the structure of the spectrum, and in
particular should leave a zero-energy supersymmetric vacuum unperturbed. On the other
hand, it is a reassuring check to see this property explicitly appearing in our analysis.
Returning to (4.30) and integrating out the auxiliary fields gives
L∣∣
∂±±φ=0
= −|W ′(φ)|2 − 1
2
λ|W ′(φ)|4 − 1
4
λ2|W ′(φ)|6 . (4.31)
These are the leading terms in the geometric series −|W
′|2
1− 1
2
λ|W ′|2 . In fact, up to conventions for
the scaling of λ, one could have predicted this outcome from the form of the supercurrent-
squared operator and the known results for TT deformations of a bosonic theory with
a potential [3]. We know that, up to terms which vanish on-shell, the effect of adding
supercurrent-squared to the physical Lagrangian is to deform by the usual TT operator.
However, in the zero-momentum sector, we see that the TT deformation reduces to deform-
ing by the square of the potential:
TT
∣∣∣
∂±±φ=0
= L2
∣∣∣
∂±±φ=0
= V 2 . (4.32)
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Therefore, it is easy to solve for the deformed potential if we deform a physical Lagrangian
L = f(λ, ∂±±φ) + V (λ, φ) by TT , since the flow equation for the potential term is simply
∂λL = ∂V
∂λ
= V 2 , (4.33)
which admits the solution
V (λ, φ) =
V (0, φ)
1− λV (0, φ) . (4.34)
We can apply this result to the Lagrangian (4.28), treating the entire expression involving
the auxiliary field F as a potential (since it is independent of derivatives). The deformed
theory has a zero-momentum piece which is therefore equivalent to
S(λ)
∣∣∣
∂±±φ=0
=
∫
d2x
(
|F |2 +W ′(φ)F +W ′(φ)F
)
1− λ
(
|F |2 +W ′(φ)F +W ′(φ)F
) , (4.35)
at least on-shell. Integrating out the auxiliary now gives
S(λ)
∣∣∣
∂±±φ=0
=
∫
d2x
−|W ′(φ)|2
1− λ|W ′(φ)|2 (4.36)
as the deformed physical potential. This matches the first few terms of (4.31), up to a
convention-dependent factor of 1
2
in the scaling of λ.
Now one might ask what superspace Lagrangian would yield the physical action (4.36)
after performing the dθ integrals. One candidate is
L(λ)
∣∣∣
∂±±φ=0
∼
∫
d4θ
(
ΦΦ− λ|W (Φ)|2)+ ∫ d2θW (Φ) + ∫ d2θW (Φ) , (4.37)
where here ∼ means “this superspace Lagrangian gives an equivalent zero-momentum phys-
ical potential for the boson φ on-shell.”
It is important to note that (4.37) is not the true solution for the deformed super-
space Lagrangian using supercurrent-squared. The genuine solution involves a four-fermion
term, all possible two-fermion terms, and more complicated dependence on the variable
y = λ(D+D−Φ)(D+D−Φ) in the zero-fermion term. However, if one were to perform the
superspace integral in the true solution and then integrate out the auxiliary field F using
its equation of motion, one would obtain the same zero-momentum potential for φ as we
find by performing the superspace integral in (4.37) and integrating out F .
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The form (4.37) is interesting because it shows that the effect of supercurrent-squared
on the physical potential for φ can be interpreted as a change in the Ka¨hler metric, which
for this Lagrangian is
KΦΦ = 1− λ|W ′(Φ)|2 . (4.38)
When one performs the superspace integrals in (4.37), the result is
L
∣∣∣
∂±±φ=0
= KΦΦ|F |2 +W ′(φ)F +W
′
(φ)F , (4.39)
which admits the solution F = −W
′
(φ)
KΦΦ
. Substituting this solution gives
L
∣∣∣
∂±±φ=0
=
−|W ′(φ)|2
KΦΦ
=
−|W ′(φ)|2
1− λ|W ′(φ)|2 , (4.40)
which agrees with (4.36).
As already mentioned, supersymmetric vacua of the original, undeformed, theory are
associated with critical points of the superpotential W (φ). Any vacuum of the undeformed
theory will persist in the deformed theory: near a point where W ′(φ) = 0, we see that
the physical potential V (φ) = |W
′|2
1−λ|W ′|2 also vanishes (away from the pole |W ′|2 = 1λ , the
deformed potential is a monotonically increasing function of |W ′|2). Further, the auxiliary
field F does not acquire a vacuum expectation value because F = −W ′(φ) remains a
solution to its equations of motion in the deformed theory. Once more, this indicates that
supersymmetry is unbroken along the whole TT flow if is in the undeformed theory.
However, this classical analysis suggests that the soliton spectrum of the theory has
changed dramatically at any finite deformation parameter λ. There are now generically
poles in the physical potential V (φ) at points where |W ′|2 = 1
λ
which might separate
distinct supersymmetric vacua of the theory. For instance, if the original theory had a
double-well superpotential with two critical points φ1, φ2 where W
′(φi) = 0, then this
undeformed theory supports BPS soliton solutions which interpolate between these two
vacua. But if the superpotential W reaches a value of order 1
λ
at some point between φ1
and φ2, then this soliton solution appears naively forbidden in the deformed theory because
it requires crossing an infinite potential barrier. Another way of seeing this is by considering
the effective Ka¨hler potential (4.38), which would change sign at some point between the
two supersymmetric vacua in the deformed theory and thus give rise to a negative-definite
Ka¨hler metric.
The previous arguments are based on a classical analysis; in fact they are mostly based
on general properties of classical TT deformed models with a potential, like the models
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studied in [3]. However, it is worth highlighting again that for the N = (2, 2) case the su-
perpotential W (φ), and therefore the induced scalar potential V (φ), are protected from per-
turbative quantum corrections. As an F-term, the superpotential is also uncorrected along
the TT -flow. These two features make the surprising conclusion that the soliton spectrum
can change more compellingly than the corresponding situation in non-supersymmetric
models.
The main issue with extending this classical conclusion to the quantum theory is the
breakdown of locality in the TT deformed theory. If the breakdown is sufficiently severe
then the spectrum of excitations in the quantum model might well differ significantly from
what is seen in a semi-classical derivative or momentum expansion. This does not happen
when the undeformed theory is a conformal field theory for some range of values of λ.
Understanding the quantum spectrum in TT deformed models with relevant operators, like
the models described here admitting solitons, is a fascinating open issue.
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A The S-multiplet in components
In this Appendix we provide the component expansion of the superfields of the S-multiplet
introduced in section 2.2. The results presented below are equivalent to the results first
obtained in [45] up to differences in notation.
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The constraints (2.9) are solved in terms of component fields by,
S±± = j±± − iθ±S±±± − iθ∓
(
S∓±± ∓ 2
√
2iρ¯±
)
− iθ¯±S¯±±±
−iθ¯∓
(
S¯∓±± ± 2
√
2iρ±
)
− θ±θ¯±T±±±± + θ∓θ¯∓
(
A∓ k + k
′
2
)
+iθ+θ−Y¯±± + iθ¯+θ¯−Y±± ± iθ+θ¯−G¯±± ∓ iθ−θ¯+G±±
∓1
2
θ+θ−θ¯±∂±±S∓±± ∓ 1
2
θ+θ−θ¯∓∂±±
(
S±∓∓ ± 2
√
2iρ¯∓
)
∓1
2
θ¯+θ¯−θ±∂±±S¯∓±± ∓ 1
2
θ¯+θ¯−θ∓∂±±
(
S¯±∓∓ ∓ 2
√
2iρ∓
)
+
1
4
θ+θ−θ¯+θ¯−∂2±±j∓∓ . (A.1)
Let us introduce the usual useful combinations: y±± = x±± − i
2
θ±θ¯± and y˜±± = x±± ∓
i
2
θ±θ¯±. The chiral superfields χ± are
χ+ = −iλ+(y)− iθ+G¯++(y) + θ−
(
E(y) +
k
2
)
+ θ¯−C(−) + θ+θ−∂++λ¯−(y) , (A.2a)
χ− = −iλ−(y)− θ+
(
E¯(y)− k
2
)
+ iθ−G−−(y)− θ¯+C(+) − θ+θ−∂−−λ¯+(y) , (A.2b)
λ± = ±S¯∓±± +
√
2iρ± , (A.2c)
E =
1
2
(Θ− A) + i
4
(∂++j−− − ∂−−j++) , (A.2d)
0 = ∂++G−− − ∂−−G++ , (A.2e)
and the twisted-(anti-)chiral superfields Y± are given by
Y+ =
√
2ρ+(¯˜y) + θ
−
(
F (¯˜y) +
k′
2
)
− iθ¯+Y++(¯˜y)− θ¯−C(−) +
√
2iθ−θ¯+∂++ρ−(¯˜y) , (A.3a)
Y− =
√
2ρ−(y˜)− θ+
(
F (y˜)− k
′
2
)
+ θ¯+C(+) − iθ¯−Y−−(y˜) +
√
2iθ+θ¯−∂−−ρ+(y˜) , (A.3b)
F = −1
2
(Θ + A)− i
4
(∂++j−− + ∂−−j++) , (A.3c)
0 = ∂++Y−− − ∂−−Y++ . (A.3d)
For the FZ-multiplet defined by the constraints (2.18), the S-multiplet reduces to a set
of 4 + 4 real independent component fields described by the j±± U(1)A axial conserved
R-symmetry current (∂++j−− − ∂−−j++ = 0). In addition, there is a complex scalar field
v(x), see eq. (3.14), together with the independent supersymmetry current and energy
momentum tensor:
S±±±(x) := iD±J±±(ζ)|θ=0 , (A.4a)
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S¯±±±(x) := −iD±J±±(ζ)|θ=0 , (A.4b)
S∓±±(x) := −iD∓J±±(ζ)|θ=0 = ±iD±V(ζ)|θ=0 , (A.4c)
S¯∓±±(x) := iD∓J±±(ζ)|θ=0 = ∓iD±V(ζ)|θ=0 , (A.4d)
T±±±±(x) :=
1
2
[D±, D±]J±±(ζ)|θ=0 , (A.4e)
Θ(x) := −1
2
[D+, D+]J−−(ζ)|θ=0 = −1
2
[D−, D−]J++(ζ)|θ=0
= −1
2
D+D−V(ζ)|θ=0 + 1
2
D+D−V(ζ)|θ=0 . (A.4f)
For the FZ-multiplet, the following relation holds:
J±± = j±± − iθ±S±±± − iθ¯±S¯±±± + iθ∓S∓±± + iθ¯∓S¯∓±±
−θ±θ¯±T±±±± + θ∓θ¯∓Θ + iθ+θ−∂±±v¯ + iθ¯+θ¯−∂±±v
∓1
2
θ+θ−θ¯±∂±±S∓±± ± 1
2
θ+θ−θ¯∓∂±±S±∓∓
∓1
2
θ¯+θ¯−θ±∂±±S¯∓±± ± 1
2
θ¯+θ¯−θ∓∂±±S¯±∓∓
+
1
4
θ+θ−θ¯+θ¯−∂2±±j∓∓ . (A.5)
Moreover, the chiral superfields χ± are set to zero and the twisted-(anti-)chiral super-
fields Y± = D±V are given by
Y+ = iS¯−++(¯˜y) + θ−G(¯˜y)− iθ¯+∂++v(¯˜y) + θ−θ¯+∂++S¯+−−(¯˜y) , (A.6a)
Y− = −iS¯+−−(y˜)− θ+G(y˜)− iθ¯−∂−−v(y˜) + θ+θ¯−∂++S¯−−−(y˜) , (A.6b)
G = −Θ− i
2
∂++j−− . (A.6c)
B Details of the supercurrent multiplet calculation
In this Appendix, we compute the fields J±± and σ appearing in the FZ-multiplet for
Lagrangians of a chiral superfield Φ with the general form
L0 =
(∫
d4θA(Φ, D±Φ, D+D−Φ, ∂±±Φ, c.c.)
)
+
(∫
d2θW (Φ)
)
+
(∫
d2θW (Φ)
)
,
(B.1)
where “c.c.” indicates dependence on the conjugates Φ, D±Φ, D+D−Φ, and ∂±±Φ. To do
this, we will minimally couple the theory to supergravity using the old-minimal supergravity
formulation and extract the currents which couple to the metric superfield H±± and the
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chiral compensator σ. The minimal coupling prescription involves promoting L0 to10
L0 −→ LSUGRA =
(∫
d4θ E−1A(Φ,∇±Φ,∇+∇−Φ,∇±±Φ, c.c.)
)
+
(∫
d2θ E−1W (Φ)
)
+
(∫
d2θ E−1W (Φ)
)
. (B.2)
Here ∇± is the derivative which is covariant with respect to the full local supergravity
gauge group, E−1 is the full superspace measure, E−1 is the chiral measure, and Φ is the
covariantly chiral version of the chiral superfield Φ—that is, ∇±Φ = 0 whereas D±Φ = 0.
Expressions for these supercovariant derivatives and measures have been worked out in a
series of papers [49–53] from which we will import the results that we need for our analysis.
To leading order in Hm, the linearized inverse superdeterminant of the supervielbein is
E−1 = 1− [D+, D+]H++ − [D−, D−]H−− (B.3)
while the chiral measure is given by
E−1 = e−2σ
(
1 · eiHm
←
∂m
)
= 1− 2σ + i(∂mHm) + · · · , (B.4)
where the ellipsis are terms of higher-order in Hm and σ. The covariantly chiral superfield
Φ is related to the ordinary chiral superfield Φ by
Φ = eiH
m∂mΦ = Φ + i
(
H++∂++ +H
−−∂−−
)
Φ +O(H2) . (B.5)
The spinor supercovariant derivatives ∇± are
∇α = Eα + ΩαM + ΓαM + ΣαN , (B.6)
where M and N are linear combinations of the Lorentz, U(1)V , and U(1)A generators which
act on spinors as
[M,ψ±] = ±1
2
ψ± , [M,ψ±] = 0 , (B.7a)
[M,ψ±] = ±
1
2
ψ± , [M,ψ] = 0 , (B.7b)
[N,ψ±] = − i
2
ψ± , [N,ψ±] = +
i
2
ψ± . (B.7c)
10Conforming to notation of [49–53], in this section we will sometimes use the index notations α = +,−
and m = ++,−−.
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The spinor inverse of the supervielbein Eα = Eα
M∂M , and the structure group connections
Ωα, Γα, and Σα can be expressed to linear order in terms of the metric superfield H
±± and
an unconstrained complex scalar compensator S. In the case of old-minimal supergravity,
the unconstrained superfield S is related to the chiral compensator σ by
S = σ − i
2
∂mH
m − 1
2
[
D+, D+
]
H++ − 1
2
[
D−, D−
]
H−− , (B.8)
to linear order. In the following analysis we will first obtain expressions for the superco-
variant derivatives in terms of S = S(Hm, σ), and use (B.8) to give them in terms of Hm
and σ.
The spinorial inverse of the supervielbein is given at first order in the prepotentials by
E± = (1 + S)D± + i(D±Hm)∂m − 2
(
D∓D±H∓∓
)
D∓ , (B.9)
together with their complex conjugates. Meanwhile, the connections Ωα, Γα, and Σα can
be written to leading order as
Γ± = ±2D±
(
S + S
)∓ 2D∓D∓D±H∓∓ , (B.10a)
Σ± = −2iD±S + 2iD∓D∓D±H∓∓ , (B.10b)
Ω± = ∓2D∓D∓D±H∓∓ . (B.10c)
Using (B.6), the vielbeins (B.9), and the expression (B.5) for Φ, we find the supercovariant
derivatives
∇±Φ =
(
1 + S
)
D±Φ + 2i(D±Hm)∂mΦ + iHm(D±∂mΦ)− 2
(
D∓D±H∓∓
)
D∓Φ , (B.11a)
∇±Φ = (1 + S)D±Φ− 2i
(
D±Hm
)
∂mΦ− iHm(D±∂mΦ)− 2
(
D±D∓H∓∓
)
D∓Φ . (B.11b)
To compute the second supercovariant derivatives acting on Φ and Φ, we must include the
contributions from Ωα, Γα, Σα, and their conjugates. One finds
∇+∇+Φ = i(1 + S + S)∂++Φ− 2(D+D−D+H−−)D−Φ + 2i(D+D+Hm)∂mΦ
−Hm∂++∂mΦ + 2
(
D+(S + S) +D−D−D+H−−
)
D+Φ , (B.12a)
∇+∇−Φ = (1 + 2S)D+D−Φ + 2i(D+D−Hm)∂mΦ− 2i(D−Hm)D+∂mΦ
+ 2i(D+H
m)D−∂mΦ + iHmD+D−∂mΦ− 2(D+D+D−H++)D+Φ
+ 2
(
D−D−D+H−−
)
D−Φ , (B.12b)
∇−∇−Φ = i(1 + S + S)∂−−Φ− 2(D−D+D−H++)D+Φ + 2i(D−D−Hm)∂mΦ
−Hm∂−−∂mΦ + 2
(
D−(S + S) +D+D+D−H++
)
D−Φ , (B.12c)
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together with their complex conjugates. Armed with these expressions, we can linearize
the supergravity couplings in (B.2). First let us consider the contribution from the D-term.
We would like to extract the terms proportional to H±± and σ in
L =
∫
d4θ E−1A(Φ,∇±Φ,∇+∇−Φ,∇±±Φ, c.c.) ,
∼
∫
d4θ
(
Hαα˙[Dα, Dα˙]A+ i∂A
∂Φ
Hm∂mΦ + (∇αΦ −DαΦ) ∂A
∂∇αΦ
+
∂A
∂∇+∇−Φ (∇+∇−Φ −D+D−Φ) +
∂A
∂∇mΦ (∇mΦ − ∂mΦ) + c.c.
)
, (B.13)
where ∇±± = −i
{∇±,∇±}. Doing so, we see that the currents which couple to H±± are
J++ = [D+, D+]
[
1
2
A− 1
2
∂A
∂∇−ΦD−Φ−
1
2
∂A
∂∇+ΦD+Φ +
∂A
∂∇+∇−ΦD+D−Φ +
∂A
∂∇++Φ∂++Φ
+ 2iD−
(
∂A
∂∇−−ΦD−Φ
)
+ 2iD+
(
∂A
∂∇++ΦD+Φ
)
+
∂A
∂∇−−Φ∂−−Φ
]
+ i
[
∂A
∂Φ
∂++Φ +
1
2
∂++
(
∂A
∂∇−ΦD−Φ
)
− ∂++
(
∂A
∂∇+∇−ΦD+D−Φ
)
− ∂A
∂∇−ΦD−∂++Φ
− 2D−
(
∂A
∂∇−Φ∂++Φ
)
+
1
2
∂++
(
∂A
∂∇+ΦD+Φ
)
− ∂A
∂∇+ΦD+∂++Φ− 2D+
(
∂A
∂∇+Φ∂++Φ
)
− 2D−D+
(
∂A
∂∇+∇−Φ∂++Φ
)
+ 2D−
(
∂A
∂∇+∇−ΦD+∂++Φ
)
− 2D+
(
∂A
∂∇+∇−ΦD−∂++Φ
)
+
∂A
∂∇+∇−ΦD+D−∂++Φ + 2iD+D+
(
∂A
∂∇++Φ∂++Φ
)
+ 2iD−D−
(
∂A
∂∇−−Φ∂++Φ
)
+
∂A
∂∇++Φ∂
2
++Φ +
∂A
∂∇−−Φ∂−−∂++Φ
]
+ 2
[
−D−D+
(
∂A
∂∇−ΦD+Φ
)
−D−D+D+
(
∂A
∂∇+∇−ΦD+Φ
)
+ iD−D+D−
(
∂A
∂∇−−ΦD+Φ
)
− iD−D+D+
(
∂A
∂∇−−ΦD−Φ
)]
+ c.c. , (B.14)
and
J−− = [D−, D−]
[
1
2
A− 1
2
∂A
∂∇−ΦD−Φ−
1
2
∂A
∂∇+ΦD+Φ +
∂A
∂∇+∇−ΦD+D−Φ +
∂A
∂∇++Φ∂++Φ
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+ 2iD−
(
∂A
∂∇−−ΦD−Φ
)
+ 2iD+
(
∂A
∂∇++ΦD+Φ
)
+
∂A
∂∇−−Φ∂−−Φ
]
+ i
[
∂A
∂Φ
∂−−Φ +
1
2
∂−−
(
∂A
∂∇−ΦD−Φ
)
− ∂−−
(
∂A
∂∇+∇−ΦD+D−Φ
)
− ∂A
∂∇−ΦD−∂−−Φ
− 2D−
(
∂A
∂∇−Φ∂−−Φ
)
+
1
2
∂−−
(
∂A
∂∇+ΦD+Φ
)
− ∂A
∂∇+ΦD+∂−−Φ− 2D+
(
∂A
∂∇+Φ∂−−Φ
)
− 2D−D+
(
∂A
∂∇+∇−Φ∂−−Φ
)
+ 2D−
(
∂A
∂∇+∇−ΦD+∂−−Φ
)
− 2D+
(
∂A
∂∇+∇−ΦD−∂−−Φ
)
+
∂A
∂∇+∇−ΦD+D−∂−−Φ + 2iD+D+
(
∂A
∂∇++Φ∂−−Φ
)
+ 2iD−D−
(
∂A
∂∇−−Φ∂−−Φ
)
+
∂A
∂∇++Φ∂++∂−−Φ +
∂A
∂∇−−Φ∂
2
−−Φ
]
+ 2
[
−D+D−
(
∂A
∂∇+ΦD−Φ
)
+D+D−D−
(
∂A
∂∇+∇−ΦD−Φ
)
+ iD+D−D+
(
∂A
∂∇++ΦD−Φ
)
− iD+D−D−
(
∂A
∂∇++ΦD+Φ
)]
+ c.c. , (B.15)
where +c.c. means to add the complex conjugates of all preceding terms (including the real
quantity 1
2
[D±, D±]A for which the complex conjugate merely removes the factor of 12).
The field V which appears in our deformation (3.10) receives two contributions, one
from the D-term coupling which depends only on A, and one from the F-term coupling
which depends only on the superpotential W . Adding them, we find
V = D+D−
[
− ∂A
∂∇αΦDαΦ + 2
∂A
∂∇+∇−ΦD+D−Φ +
∂A
∂∇mΦ∂mΦ +
∂A
∂∇mΦ
∂mΦ
+ 2iD+
(
∂A
∂∇++ΦD+Φ
)
+ 2iD+
(
∂A
∂∇++Φ
D+Φ
)
+ 2iD−
(
∂A
∂∇−−ΦD−Φ
)
+ 2iD−
(
∂A
∂∇−−Φ
D−Φ
)]
+2W (Φ) . (B.16)
C Simplifying the deformation on-shell
In this Appendix, we prove the claim that one can drop all terms which involve products
of (D+D−Φ) or (D+D−Φ) and the four-fermion term |DΦ|4 = D+ΦD+ΦD−ΦD−Φ when
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the equations of motion are satisfied.
To see this for the models we consider, it suffices to consider a superspace Lagrangian
of the form
L =
∫
d4θA (Φ, D±Φ, D+D−Φ, ∂±±Φ, c.c.)
=
∫
d4θ
(
K(Φ,Φ) + f(x, x, y)|DΦ|4) , (C.1)
which has the superspace equation of motion
D+D−KΦ = D+D−
{
Dα
[
∂(f |DΦ|4)
∂DαΦ
]
−D+D−
[
∂(f |DΦ|4)
∂D+D−Φ
]
− ∂m
[
∂(f |DΦ|4)
∂(∂mΦ)
]}
(C.2)
for Φ, and the conjugate equation of motion for Φ. If we multiply (C.2) on both sides by
the four-fermion term |DΦ|4 = D+ΦD+ΦD−ΦD−Φ then any term containing (D±Φ) and
(D±Φ) fermions in (C.2) will vanish by nilpotency. On the left, the only surviving term is
KΦΦD+D−Φ, while on the right we get contributions from the first and second terms:
KΦΦ
(
D+D−Φ
) |DΦ|4 = (D+D−Φ) |DΦ|4{λD+D− [∂f
∂y
(∂−−Φ)(∂++Φ)
]
−
(
x+ x
λ
)
f
}
. (C.3)
On collecting terms, the previous equation turns into
(
D+D−Φ
) |DΦ|4{KΦΦ + (x+ xλ
)
f − λD+D−
[
∂f
∂y
(∂−−Φ)(∂++Φ)
]}
= 0 . (C.4)
The parenthesis multiplying (D+D−Φ)|DΦ|4 in the previous expression does not vanish in
general, at least for λ small enough. Then for (C.4) to be satisfied, the equation(
D+D−Φ
) |DΦ|4 = 0 (C.5)
has to hold when the equations of motion are satisfied. This justifies our claim in section
4.1 that we may drop all terms involving the product y|DΦ|4 in the deformation, assuming
we restrict to on-shell configurations.
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